It is proved that a finite group G = AB which is a product of a nilpotent subgroup A and a subgroup B with non-trivial center contains a non-trivial abelian normal subgroup.
The following theorem generalizes the results of Burnside and Kegel-Wielandt.
Theorem. Let the finite group G = AB be the product of a nilpotent subgroup A and a subgroup B. Then the normal closure of the center Z of B is a soluble subgroup of G. In particular, if Z is non-trivial, then G contains a non-trivial abelian normal subgroup.
For the proof of this theorem we will study a minimal counterexample G, and show that G has a simple socle L. Then we heavily use the classification of all maximal factorizations of finite almost simple groups by M. Liebeck, C. Praeger and J. Saxl (see [20] ). This result depends on the Classification of Finite Simple Groups. If L is an exceptional group of Lie type we apply results of [10] ; if L is a classical group we use some known facts about soluble subgroups of these groups containing an element of prime order for some specially chosen prime. In most of the cases the arising possibilities are excluded by a result of Kazarin [15] concerning the factorization of a group by an r-decomposable subgroup with cyclic Sylow r-subgroup for a prime r and a group with non-trivial center.
In the following all groups are finite. The notation is standard and follows [9] , [20] , and [6] . p is always a prime. The largest power of p dividing the number n is denoted by n p . In particular, if G is a finite group with Sylow p-subgroup G p , then |G p | = |G| p .
Preliminaries
Let n be a positive integer and p a prime. A prime r is said to be primitive with respect to the pair {p, n} if r divides p n − 1 but r does not divide p e − 1 for every integer e such that 1 e < n.
The following lemma of Zsigmondy [25] is useful for our considerations.
for each g ∈ G. Moreover, we have n = kt with t = |Γ | and G/P is a transitive nilpotent group on the set of orbits of P . Hence |G| = |P ||H | where H is a transitive nilpotent subgroup of a symmetric group of degree k and P is a nilpotent subgroup of a symmetric group of degree t. If k > 1, then by induction |G| 2 t 2 k = 2 k+t 2 n . Suppose that k = 1. Then the result follows from the number-theoretical fact n! p p n−1
The next three lemmas are special cases of our theorem (see [14] [15] [16] In the proof of our theorem we need the description of the socle L of an almost simple group G = AB, which is factorized by two proper maximal subgroups A and B not containing L. In [20] the "large" normal subgroups of L ∩ A and L ∩ B are determined explicitly.
Lemma 2.12. Let G = AB be an almost simple group with socle L, which is the product of two maximal subgroups A and B not containing L.
Then L is one of the following groups: L n (q), n 2; PSp 2n (q), n 2; PΩ ± 2n (q), n 4; PΩ 2n+1 (q), n 3, q odd; U 2n (q), n 2; F 4 (q); G 2 (q) (q is always a power of a prime p); U 3 (q), q ∈ {3, 5, 8}; U 9 (2) ; an alternating group A n , n 5 or one of the following sporadic simple groups: M 11 
Some subgroups of non-abelian finite simple groups
In the sequel we will deal with the list of non-abelian finite simple groups as in [20] . These groups can be divided in the following families:
• Groups of Lie type (classical and exceptional). Here q = p m for some prime p (the characteristic of the ground field).
-Classical groups: L n (q), n 2; U n (q), n 3; PSp 2n (q), n 2; PΩ 2n+1 (q), n 3, q odd; PΩ + 2n (q), n 4; PΩ − 2n (q), n 4. -Exceptional groups: G 2 (q); F 4 (q); E 6 (q); E 7 (q); E 8 (q); 2 E 6 (q); 3 D 4 (q); 2 B 2 (q), p = 2, q = 2 2c+1 > 2; 2 G 2 (q), p = 3, q = 3 2c+1 > 3; ( 2 F 4 (q)) , p = 2, q = 2 2c+1 .
• Alternating groups A n , n 7.
• The 26 sporadic simple groups.
Note that the group 2 F 4 (2) is not simple and its commutator subgroup has index 2.
The above subdivision is necessary to avoid repetitions. For instance we regard A 5 and A 6 mainly as the linear groups L 2 (5) and L 2 (9) , respectively.
Let L be a simple group of Lie type over a field GF(q) of characteristic p.
If L is a classical group we define a special prime r = r(L) and a subgroup T of L containing the centralizer of an element of order r as follows.
(1) If L = L n (q), q = p m , n 3, then let r be a prime which is primitive with respect to the pair {p, mn} (thus r divides q n − 1). In this case the order of T is |T | = q n −1
(n, q−1)(q −1) . If n = 6 and q = 2, then |T | = r = 31 = 2 5 − 1, whereas if n = 3 and q = 4, then |T | = r = 7.
(2) If L = PSp 2n (q), q = p m , n 3, then let r be a prime which is primitive with respect to the pair {p, 2mn} (so r divides q n + 1). Then the order of T is |T | = q n +1
(2, q−1) . (3) If L = PΩ − 2n (q), q = p m , n 4, then let r be a prime which is primitive with respect to the pair {p, 2mn} (so r divides q n + 1). The order of T is |T | = q n +1 (4,q n +1) . (4) If L = PΩ + 2n (q), q = p m , n 4, then let r be a prime which is primitive with respect to the pair {p, 2m(n − 1)} (so r divides q n−1 + 1) unless n = 4. If n = 4, then let r be a prime which is primitive with respect to the pair {p, 3m}. The order of T divides (q n−1 + 1)(q + 1) for n 5 and
, then let r be a prime which is primitive with respect to the pair {p, 2mn} (so r divides q n + 1) in all cases with the exception q = 2, n = 3.
In the remaining case r = 7. Then the order of T divides 2(q n + 1). If n = 3, q = 2, then r = |T | = 7. (6) If L = U n (q), q = p m , n 3, then let r be a prime which is primitive with respect to the pair {p, 2mn} if n is odd (so r divides q n + 1), and to the pair {p, 2m(n − 1)} if n is even (here r divides q n−1 + 1). The order of T is |T | = q n +1
(n,q+1)(q+1) for odd n and |T | =
If L is an exceptional group we define a special prime r = r(L) and a subgroup T of L containing the centralizer of an element of order r as follows.
, then let r be a prime divisor of q 2 − q + 1 for q ≡ 1 (mod 3) and of q 2 
, then let r be a prime divisor of q 2 − √ 3q + 1 (where q is a power of 3). In
, where q > 2 is a power of 2, then let r be a prime divisor of q 2 + 2q 3 
, then let r be a prime divisor of (q 6 
The following lemma due to Borel and Tits is contained in [20] . Proof. (i) follows from the description of the orders of the simple groups of Lie type [20] and the orders of the centralizers of elements of order r = r(L). For the classical groups this can be proved directly by using Lemma 4.2 (see also Lemmas 2.5-2.8 from [2] ) and the properties of the Singer cycles in GL n (q) (see for instance [9] ). For the exceptional groups of Lie type we may use the corresponding results from [1] (Tables 2 and 3) , [24] , [19] and [6] (for small groups of Lie type).
(ii) follows from the description of the orders of the maximal parabolic subgroups of L and results from [11] and [18] . Indeed, if p divides |C L (t)|, then there exists an element y ∈ L of order p such that t ∈ C L (y). Since every p-local subgroup of a simple group of Lie type over a field of characteristic p is contained in some maximal parabolic subgroup of L by Lemma 3.1, then r divides the order of some maximal parabolic subgroup of L. On the other hand, the orders of the maximal parabolic subgroups can easily be determined from the Dynkin diagram of the corresponding group of Lie type. For this it is enough to delete one node of the Dynkin diagram of L. The remaining part of the Dynkin diagram describes the Levi factors of the parabolic subgroup (see for instance [7] ). The proof is finished by the choice of r.
(iii) follows from the definition of r, the description of the orders of the outer automorphism groups in [20] and Lemma 2.1(ii). 2
The next lemma follows from well-known properties of the sporadic simple groups (see for instance [24] and [20] ). Proof. By Lemma 2.2 there exists a prime r such that n/2 r n provided n 18. An inspection of all other cases shows that this is true for all n 5. It follows from the choice of r that the Sylow r-subgroup of L is cyclic and clearly C L (T ) T × S n−r . Thus we may choose r so that r > n/2. Let H be a nilpotent subgroup of L with T ⊆ H . Clearly the order of H is bounded by rd n−r , where d n−r is the maximal possible order of a nilpotent subgroup of the group S n−r . By Lemma 2.8 d n−r 2 n−r .
Observe that r 3 2 r for r 12. Hence |H | 3 r 3 · 2 3n−3r 2 3n−2r 2 2n for r 12. If n 24, then the lemma is true, so that r 12 and n 25. It is easy to see that 2 2n < n!/2 if n 25. Thus |H | 3 < n!/2.
Since the order of the outer automorphism group of an alternating group of degree n 7 is 2, the lemma is proved. 2 Proof. This follows from an inspection of the orders of the non-abelian simple groups and their outer automorphisms groups (see for instance [20] 
Proof. Let S be a Sylow p-subgroup of U . It is well known that there is a Sylow p-subgroup of L which has trivial intersection with some Sylow p-subgroup of L containing S. Hence we may assume that S ∩ P = 1. This implies P ∩ U = 1, and the lemma follows. Since the product of two nilpotent groups is soluble by Kegel and Wielandt theorem, even the strong inequality holds. 2
We need also some information about the automorphisms of a simple group of Lie type. For the notions and properties of the field, graph and diagonal automorphisms see [8, Chapter 3] . The proof of the following statement is (7-2) of [8] . The proof of the following statement is (9-1) of [8] . 
Some matrix groups
The next lemma follows from the description of the orders of the automorphisms of the classical simple groups. Suppose that r does not divide |K|. Then r divides |Γ |. Clearly k = 1 and q = p. It follows from Lemma 4.2 that Γ is a transitive subgroup of S 2n . Since r ≡ 1 (mod n) it is obvious that Γ is a primitive subgroup of S 2n . In this case every non-trivial normal subgroup of Γ is transitive of degree 2n. Hence n = 2 e is a power of 2 and Γ is a subgroup of AGL(e + 1, 2). It follows from the order formula of this group that r divides 2 e+1 − 1 = 2n − 1, which is only possible if n = 2, r = 3. Thus statement (iv) holds. Now let G be primitive. As in Lemma 4.2(iii), there exists a chain
of normal subgroups of G with the following properties: 2 and every prime divisor of 2n/k divides q k − 1. Let s be a prime divisor of 2n/k such that s d divides 2n/k and |Sp 2d (s)| is divisible by r.
It follows from the order formula for the symplectic groups that r s d
In this case it is easy to see that n = 2 e and r = 2 e+1 + 1. It follows from Lemma 2. Proof. If G is an irreducible linear group with natural module V of degree 2n, then the statement follows from Lemma 4.3. Hence we may assume that G is a reducible group. Let x ∈ G be an element of order r. By Maschke's theorem there exists a basis of V such that x is described by a matrix of the following form:
where A is an irreducible matrix representing an element of order r in GL n (q) and C ∈ GL n (q).
If y ∈ G is contained in the centralizer of x, then y is represented with respect to the same basis in the form y =
, where Y ij are n × n-matrices. Therefore
If A and C are not conjugate in GL n (q), then by Schur's lemma we have Y 12 = Y 21 = 0 and Y ii = 0 are the powers of a Singer cycle in GL n (q). In this case G is an abelian group. Hence we may assume that A and C are similar. In particular the element x acts fixed-point-freely on the natural GF(q)-module V for GL 2n (q). Since G is reducible we may assume without loss of generality that
Moreover, Y 21 A = CY 21 . Let U and V be two non-singular matrices in GL n (q) such that UA = CU and V A = CV . Then V −1 U is contained in the centralizer of an irreducible matrix A. By Schur's lemma it follows that the set of all n × n-matrices in M n (GF(q)) permuting with A is a division algebra over GF(q) which is isomorphic to GF(q n ). Hence the order of G divides q n (q n − 1). It is easy to see that the set of matrices of the form y = I 0
where I is an n × nunit matrix and Y 21 A = CY 21 is an abelian Sylow p-subgroup of G, which is a direct factor of G. The result follows in the case k = 2n. Now let k = 2n + 1. As above we consider an element x of prime order r, which is primitive with respect to the pair {p, mn}. Then by Maschke's theorem we may assume that x can be represented in the following matrix form:
where A is an irreducible matrix representing an element of order r in GL n (q) and C ∈ GL n (q). A similar calculation shows that an element y of the centralizer of x in G GL k (q) can be written with respect to the chosen basis in the form:
where α ∈ GF(q) and the matrix
∈ GL 2n (q) permutes with the matrix Proof. Let P be a maximal parabolic subgroup of G whose order is divisible by the prime r. It follows from the Dynkin diagram of G that (P /O p (P )) L 4 (q) = X (see for instance [7] ). In particular |O p (P )| = q 6 . Moreover, the prime divisors of |P : P | are contained in π(q − 1). Therefore we must only show that the group P has no nilpotent subgroups of order q 2 pr. It follows from [2, Lemma 2.5] , that either r = 5, p = q or a maximal nilpotent subgroup of X whose order is divisible by r has order dividing q 4 − 1. In the case r = 5, q = p we have p = q = 2. Hence it is enough to show that the centralizer of an element y of order r in O p (P ) has order not exceeding q 2 . By the choice of r the minimal irreducible faithful GF(q)-module of y has dimension 4. Therefore we may assume that either Proof. We may regard G as a subgroup of GL k (q), where k = 2n or 2n + 1, consisting of elements preserving a non-singular quadratic form (and its associated bilinear form). Without loss of generality we may assume that G consists of matrices x ∈ GL k (q) of size k × k satisfying the equality xΦx t = Φ with Φ = 0 I I 0 , where I is an n × n-unit matrix for k = 2n and
where I is likewise an n × n-unit matrix for k = 2n + 1. Here x t denotes the transpose of x. As in the previous two lemmas we may assume that the element a ∈ G of prime order r which is primitive with respect to the pair {p, mn} can be written in the form Let q be odd. In this case the order of S is q n(n−1)/2 . Since every minimal faithful irreducible GF(q)-submodule of an element a has dimension n, the following equality holds: n(n − 1)/2 = c + nl for some non-negative integer l. Since |C S (a)| = q c , we have n(n − 1)/2 n + nl and l (n − 3)/2. As n is even, this implies l (n − 2)/2. Hence c n/2 and so the lemma is proved in this case.
If q is even, the linear vector space of n × n-matrices with entries in GF(q) satisfying the condition U + U t = 0 has dimension n(n + 1)/2. As above the inequality n(n + 1)/2 n + nl holds. It follows that l (n − 1)/2. Since n is even, we have l n/2, so that c n/2, as claimed. The lemma is proved. 2
The reduction
Throughout this section let G be a minimal counterexample for our theorem. Then the group G = AB is the product of a nilpotent subgroup A and a subgroup B with non-trivial center. In this section we show that G is almost simple.
To prove the theorem it suffices to show that for some prime e dividing |Z(B)| an element of order e from Z(B) is contained in the largest soluble normal subgroup S(G) of G. In the following let z ∈ Z(B) be of prime order e. Lemma 5.1. The group G satisfies the following conditions.
Proof. (i) Assume that S = S(G) = 1. Then G/S = (AS/S)(BS/S) has order less than that of G and is the product of the nilpotent group AS/S and the group BS/S. Clearly Z(B)S/S is contained in the center of BS/B. By the minimality of G we have Z(B) S(G). Hence
(ii) If K and N are normal subgroups of G = AB, then the factor groups G/K and G/N both have factorizations of the same form as G.
By the minimality of G we have that Z(B)K/K S(G/K) and Z(B)N/N S(G/N). Consider the map
is non-trivial. This contradiction to (i) shows that G has a unique minimal normal subgroup N .
. By the minimality of G and Dedekind's law we have x ∈ S(H ) and so
Suppose that H = AN is a proper subgroup of G. Since NB = G, the element zN is contained in Z(G/N). Hence AN z is a subgroup of G. By the minimality of G this implies that G = NA z . If NA = G, then by (i) NA ∩ Z(B) = 1. Since NA is a normal subgroup of index e in G and therefore Z(B) has order e in this case, statement (iii) follows. 
. Since |R| < |G| and z ∈ R we have that z ∈ S(R). On the other hand, N R, and
Therefore C G (N ) = 1, contradicting Lemma 5.1(ii). Thus we may assume that A ∩ B = A ∩ B ∩ R and so
Since every g ∈ G has the form g = ba with b ∈ B, a ∈ A we have |A ∩ B g | = |A ∩ B| = |(A ∩ R) ∩ (B ∩ R) g |. Therefore r is the number of double cosets in the decomposition of R with respect to the pair of subgroups (R ∩ A, R ∩ B).
Define subgroups K i and T i for i = 1, 2, . . . , r as follows. Let Hence 
This contradiction shows that the subgroup z acts transitively on Ω and k = e. 2 5 ) 2 ) is the diagonal subgroup of N and z 2 = 1. The order of the subgroup A is 60. It is easy to see that G has no nilpotent subgroup A with this order and |A ∩ N| = 15, a contradiction. Now let q be even. Using the same arguments as above we obtain the inequalities
This proves (iv
As in the previous case this leads to the inequality 2(q + 1) log 22 − q, which implies that q = 4 and L L 2 (5) A 5 , a contradiction. Now let L be either an alternating group or a group of Lie type not isomorphic to L 2 (q). We show first that e = 2.
Recall that Hence e 3. Since the number r is more than 3, this is a contradiction. Hence (r, e) = 1. Therefore we may assume that |N 1 N i ∩ U | r > 1 for every i 2. As above we have
In this case also e 3. Let p be a prime divisor of |L| such that p > 3 does not divide |C L (t)| for an element t ∈ L of order r and let L be either a sporadic or an alternating simple group. If L is sporadic, then by Lemma 3.3 it is enough to choose any p = r and p > 3. If L is an alternating group of degree n 7, then we find a prime n/2 < p n by Lemma 2.2. In both cases p does not divide 12 and obtain a contradiction in the same way. Now consider the case e = 2. If L is a sporadic simple group, then the centralizer of an element of order r is of order r, and d 2. Without loss of generality we may assume that r divides |UN 1 /N 1 |. Hence |U ∩ N 1 | |L|/4p. It follows from [6] that this is impossible.
Let L be an alternating group of degree n 7. In this case we may choose primes p and r such that p, r n/2. Hence there is no element of order pr in L. Without loss of generality we may assume that r divides |UN 1 /N 1 | and p divides |U ∩ N 1 |. Lemma 3.4 yields that |U | |L| 2/3 . By Lemma 5.4 it follows that |L|/4 |L| 2/3 . Hence |L| 64. Since n 7, this is a contradiction.
It remains to consider the case that L is a simple group of Lie type over a field GF(q) of characteristic p, and r is a special prime as defined above. We may assume that r does not divide |U ∩ N 1 |. Hence 
Now it is easy to prove that this is impossible.
Indeed, if L = L n (q), n 3, (n, q) = (3, 4) and (n, q) = (6, 2), then |T | = q n −1 (n,q−1)(q−1) and d 2(n, q − 1) log p q. This implies that q n(n−1)/2 < q n −1 q−1 4 log p (q). Since 2 log p, we have n 4.
The case n = 4 is impossible by arithmetic. If n = 3 and q = 4 or if n = 6 and q = 2, then there is only the possibility q = 4, since the case L = L 3 (2) L 2 (7) was ruled out above. But simple calculations show that q = 4 is also impossible.
If
(n,q+1) for even n. Thus we obtain the inequality 
This implies n 3 which we do not have. The case n = 3, q = 2 for L = Sp 6 (2) can be handled similarly. Let L = PΩ + 2n (q), n 5. Then as above we have
It follows that n 4, a contradiction. Let n = 4. As above we have
Let L = PΩ 2n+1 (q). As in the previous cases we obtain q n 2 |T |2d 8 log pn + 1 q n+4 in view of Lemma 2.7. Thus n = 2. But PΩ 5 (q) PSp 4 (q) and this case was already dealt with. Thus L is not a classical group. The case that L is an exceptional group can be handled even easier, and we leave the calculations for the reader. The lemma is proved. 2
Proof of the theorem
Now we may assume that the minimal counterexample G = AB is almost simple and N = L is a non-abelian simple group. Thus L G Aut(L). Recall that the subgroup A is nilpotent and z is an element of a prime order e in Z(B). Clearly L is one of the groups in Lemma 2.12. Moreover, by Lemma 5.1 we have G = BL, and the factor group G/L is nilpotent.
Lemma 6.1. If a Sylow r-subgroup of G is cyclic and r / ∈ π(Out(L)), then r ∈ π(B) \ π(A).

Proof. Suppose that r ∈ π(A). By Lemma 2.10 the element z is in O r (G). Hence L O r (G)
and r ∈ π(Out(L)). This contradiction proves the lemma. 2
Lemma 6.2. If L contains a self-centralizing cyclic Sylow r-subgroup, then r or e belongs to π(Out(L)).
Proof. Assume that neither r nor e belong to π(Out(L)). By Lemma 6.1 r ∈ π(B)\π(A).
Hence z centralizes a Sylow r-subgroup of G and z ∈ L ∩ B. It follows that e = r, and by Lemma 2.10 z ∈ O r (Z(B)) belongs to an r-soluble normal subgroup of G. This is a contradiction, since |L| ≡ 0 (mod r) and L is a simple group.
We will now apply Lemma 2.12. Note that in our case the letter A denotes the nilpotent subgroup of the factorized group G = AB and B is the subgroup with non-trivial center. By Lemma 6.1 the special prime r divides the order of B.
We also remark that for the maximal subgroups A and B in the Tables 1-6 in [20] the corresponding factors A ∩ L and B ∩ L are determined only up to a large normal subgroup of these groups. However in most cases there is also a maximal torus of a simple or an almost simple group giving more precise information on the "top" of this group by the Frattini argument (see Lemma 23 or Co 1 , then Out(L) = 1 and each of these groups has a cyclic self-centralizing Sylow r-subgroup for suitable prime r (see [6] ). This contradicts Lemma 6.2.
By [24, Table IIa ], for the remaining sporadic simple groups the prime r can be chosen as follows: r = 11 for M 12 , r = 11, 7 for M 22 , r = 11, 23 for M 23 , r = 7 for J 2 , r = 7, 11 for HS, r = 17 for He, r = 29 for Ru, r = 11, 13 for Suz, r = 17, 23 for Fi 23 , r = 23 for Co 1 . By Lemma 3.3 the order of the outer automorphism groups of a sporadic simple group is at most 2, and so we may assume that |G : L| = 2. By Lemma 6.2 e = |z| = 2.
If L = M 12 , then it follows from [20, (62) ], that G has no factorization of the required form. If L = M 22 , then by [20, (6. 3)], a maximal subgroup of G containing A has order 11 · (11 2 − 1), and B has order divisible by 23. By Lemma 6.2 this is a contradiction.
If L = J 2 , it follows from [24, Table IIa] , that the Sylow 7-subgroup of L is self-centralizing. By [20, Chapter 6 , Proposition], the order of a maximal subgroup of L whose order is divisible by 7, is coprime to 5. But Sylow 5-subgroups of L are self-centralizing. Hence the order of A divides 2 · 25 and |B| divides 2 6 · 3 3 · 7. Hence G has not the required factorization. If L = HS, then by [24, Table IIa ], the Sylow 7-and 11-subgroups of L are self-centralizing. By [20, Chapter 6 , Proposition and (6.7)], the maximal subgroup X of G containing B is isomorphic to M 22 .2 and the maximal subgroup Y of G containing A is of order 5 3 · 2 5 . It follows from [6] that every elementary abelian subgroup of L of order 25 is self-centralizing. Hence |A| divides 50. Since |G : X| = 100, this is a contradiction.
If L = H e, then by [24, Table IIb ], the Sylow 11-and 13-subgroups of L are self-centralizing. It follows from Lemma 6.2 that the order of B is divisible by 11 · 13. Now we obtain a contradiction by (6.10) of [20] . 2
Alternating groups
Lemma 6.4. L is not an alternating group of degree n 5.
Proof. Suppose first that n = 6 and L = A 6 L 2 (9) . By Lemma 6.1 the element z centralizes an element of order 5. On the other hand, |Out(L)| = 4. There are 3 maximal subgroups of Aut(L) containing L. Up to isomorphism these are: S 6 , PGL 2 (9) and M 10 , the stabilizer of a point in M 11 . Moreover, the centralizer of an element of order 5 in S 6 has order 5. Hence z ∈ Aut(L 2 (9)) \ S 6 and e = |z| = 2. It follows from [6] that there is a unique involution in Aut(L) centralizing a fixed element of order 5 in L. This element is contained in PGL 2 (9) and its centralizer in L is of order 5. Hence |L ∩ B| divides 10. It is clear that G cannot have the required factorization in this case.
Consider now the case n 5 and n = 6. It is well known that Aut(L) S n . By Lemma 2.2 there exists a prime p such that n/2 < p < n. By Lemma 6.1 the element z centralizes some element of order p. Hence z fixes the subsets Δ and Ω \Δ, where Ω = {1, 2, . . . , n} with |Δ| = k,
by Dedekind's law and H is a product of a nilpotent group A ∩ H and a group B having z in its center. By the minimality of G we have that the normal closure of z in H is a soluble group. Hence k 4. Since e = |z| is a prime, we have e = 2 or 3. On the other hand, G = A n or S n , and so G is transitive on the subsets of Ω of size k < n/2. We know that B = C G (z) fixes a subset of Ω of size k. Since G = AB, the subgroup A acts transitively on the set of subsets of size k of Ω. Since A acts transitively on Ω and is nilpotent, it follows from Lemma 2.8 that π(A) ⊆ π(n). On the other hand, the order of A is divisible by 1/6n(n − 1)(n − 2), by 1/4n(n − 1) or by 1/8n(n − 1)(n − 2)(n − 3), because the centralizer |C S n (z)| has order (n − 3)!3, (n − 2)!2 or (n − 4)!8 depending on the cycle structure of z.
. This is possible only when n 5. Hence n = 5, k = 2. In this case |A| is divisible by 10, a contradiction. 2
Exceptional groups
Lemma 6.5. L is not isomorphic to G 2 (q) or F 4 (q).
Proof. First assume that L = G 2 (q), where q is odd. It follows from [20] that q = 3 m and |A∩L| is divisible by the prime r which is primitive with respect to the pair {3, 3m}, while |B ∩ L| is divisible by the prime s which is primitive with respect to the pair {3, 6m}. It is easy to see that the corresponding Sylow subgroups of L are cyclic. By Lemma 6.1 we obtain a contradiction.
If L = G 2 (4), then by Table 5 of [20] one of the factors has order divisible by 7, while the other has order divisible by 13. Lemma 6.1 yields a contradiction.
If L = F 4 (q), q = 2 m , then by Table 5 of [20] the factor A ∩ L Sp 8 (2) and the factor B ∩ L 3 D 4 (2) or 3 D 4 (2).3. As above we obtain a contradiction by Lemma 6.1. 2
Linear groups
Lemma 6.6. L is not isomorphic to L 2 (q). 
we may assume that 7 divides |B|. However in this case a Sylow 7-subgroup of Aut(L) is selfcentralizing. This contradicts Lemma 6.1.
If q = p 11, then the Sylow p-subgroup of L and PGL 2 (q) are self-centralizing. An application of Lemma 6.2 yields a contradiction.
Thus we may assume that m > 1. In view of Lemma 2.1 there is prime s which is primitive with respect to the pair {p, 2m}. By Lemma 6.2 we may assume that s divides |B ∩L|. A maximal subgroup H of L such that s divides |H | has order 2(q + 1) for even q and order q + 1 for odd q, provided q 11. By Lemma 6.2 it follows that |B| divides 2(q + 1). Hence |A| ≡ 0 (mod q). (L 2 (q) ) are self-centralizing this implies that |A| = q. This contradiction proves the lemma. 2 Lemma 6.7. L is not isomorphic to L n (q) for n 3.
Proof. If n = 3 and q = 2, the statement follows from Lemma 6.6. If n = 3, q = 4 or n = 5, q = 2 we obtain a contradiction by Tables 1 and 3 of [20] and Lemma 6.2. Note that L 4 (2) A 8 and this case was already considered in Lemma 6.4. Hence (n, q) = (3, 2), (3, 4) or (5, 2).
By Lemma 2.1 there exists a prime r dividing q n − 1, q = p m , which is primitive with respect to the pair {p, mn}. By Lemma 6.2 the order of B is divisible by r. By Table 1 of [20] we have the following two possibilities for a subgroup Table 1 of [20] A ∩ L is a subgroup of a maximal parabolic subgroup P 1 or P n−1 of L.
Consider first case (a). If n is a prime, then X (GL 1 (q n ).n ∩ L)/T . Since |G| divides |A||B| and B N G (X) the order of A is divisible by |G : N G (X)| which is equal to f = q n(n−1)/2 (q n−1 − 1) . . . (q − 1)/n (see the proof of Proposition A, Chapter 3 in [20] ). Since G = AB = AX it follows that |L ∩ A| is divisible by
If m = log p q = 1, then |A ∩ L| is divisible by the order of a Sylow p-subgroup of L. Since a Sylow p-subgroup of a group of Lie type of characteristic p is selfcentralizing, this gives a contradiction.
Hence m > 1 and by Lemma 2.1 the prime t which is a primitive divisor of q n−1 − 1 with respect to the pair {p, (n − 1)m} is bigger than n. In this case |A ∩ L| is divisible by q n(n−1)/2 t. By Lemma 2.6 in [2] G has no nilpotent subgroup with this order.
We assume now that X is not isomorphic to (GL 1 (q n ).n ∩ L)/T . In particular n is not a prime. Note that for every choice of the integers a, b such that ab = n, the order of a subgroup N G (X) is not divisible by the prime s which is primitive with respect to the pair {p, (n − 1)m}. The existence of s follows from Lemma 2.1, because n is not a prime except in the case that n = 4 and q = 4. Note that If n = 4 and q = 4 then 7 is a divisor of 4 3 − 1 = 63 which plays the same role as the primitive divisor of 63. Note that 7 does not divide the order of Out(L). Thus we may put s = 7 in this exceptional case. Thus the order of A is divisible by s, and we obtain a contradiction by Lemma 6.1.
Consider now case (b). Then X = PSp n (q) with q even. It follows that n 4. Since the case n = 4 and q = 2 was covered already by Lemma 6.4, we may assume that there is a prime s dividing q (n−1)m − 1 which is primitive with respect to the pair {p, (n − 1)m}, except in the case when q = 4 and n = 4. In the latter case we set s = 7. An inspection of the orders of X and Out(L) shows that s does not divide |B|. Hence s divides |A|. Since the Sylow s-subgroups of Aut(L) are cyclic, we again obtain a contradiction by Lemma 6.1. 2
Unitary groups
Lemma 6.8. L is not isomorphic to U n (q) for odd n.
Proof. By [20] we must show that L is not isomorphic to U 3 (q) for q = 3, 5 or 8 and not to U 9 (2).
Using Table 3 of [20] and Lemma 6.1 we see that in all these cases L ∩ A is a subgroup of the maximal parabolic subgroup P of the corresponding group, and B ∩ L is a simple subgroup of L containing a Sylow 7-subgroup of L. It follows that the order of one of the factors of the group L = U 3 (8) is divisible by 7 and the other by 17. This contradicts Lemma 6.1.
If L is isomorphic to U 9 (2), then by Lemma 2.4 we have
This implies that
By Lemma 3.7 we obtain |L ∩ A| |L : U |, where U is a Sylow p-subgroup of L. Therefore for the group L = U n (q) we have the inequality:
which is equivalent to the inequality:
Using Table 3 of [20] for L = U 9 (2) we obtain the following:
which is not the case. Now we apply Lemma 2.4 again to obtain the following:
, then by Lemma 6.2 and Table 3 of [20] we have that
Since the Sylow 5-subgroups of L are self-centralizing and A ∩ L is not a 5-group in view of Lemma 2.11, it is clear that 5 3 does not divide |A ∩ L|. On the other hand, by Lemma 2.9 the group A is non-abelian. Hence we may assume that |A ∩ L| has even order. A direct calculation shows that the centralizer of an elementary abelian subgroup of order 25 in L is a 5-group. This excludes the case L = U 3 (5) .
, then by Lemma 6.2 and Table 3 of
. Clearly, the outer automorphism group of L has order 2. Since H = B(H ∩ A) is a product of a group with non-trivial center and a nilpotent group, then z ∈ H \ (H ∩ L). By the minimality of G we obtain that z ∈ S(H ), and this implies H L 2 (7) × z . Hence z induces an outer automorphism of L with a fixed-point subgroup isomorphic to L 2 (7). By [6] this is impossible. The lemma is proved. 2 Lemma 6.9. L is not isomorphic to U n (q) for even n.
Proof. Consider first the cases which are listed in Table 3 of [20] .
The order of L is 2 6 · 3 4 · 5. It follows from Lemma 6.1 that |B ∩ L| is divisible by 5. There are exactly two classes of maximal subgroups in L up to isomorphism with this property. These are the following: a group K 1 S 6 and a group K 2 which is an extension of an elementary abelian group of order 16 by A 5 (see [6] ). The Sylow 5-subgroups of L are selfcentralizing. Therefore |G/L| = 2 = |Out(L)|. Note that in this case e = |z| = 2 and z induces a field automorphism on L. A corresponding subgroup which is centralized by z is K 1 [6] . Hence |G : B| = 2 2 · 3 2 · |A ∩ B|. By Lemma 2.9 the group A is not abelian. Since L is a group both of characteristic 2 and of characteristic 3, and A ∩ L is a nilpotent group whose order is divisible by 6, then the subgroup A is nilpotent of order at least 2 2 · 3 2 and is isomorphic to a subgroup of a maximal parabolic subgroup of U 4 (2) and of PSp 4 (3) . The inspection of the maximal subgroups of L in [6] shows that this is not the case. Hence L is not isomorphic to U 4 (2) .
It follows from Lemma 6.1 that 5 and 7 both divide |B|. Hence by [20] and [6] we see that there is only one maximal subgroup of L with this property, namely L ∩ B L 3 (4) = H . Since the element z centralizes some subgroup of L whose order is divisible by 35 we must have that z ∈ Aut(L) \ L. Clearly, z is an involution (recall that |Out(L)| = 8) and C L (z) H . By [6] there is no such automorphism of L. Hence L is not isomorphic to U 4 (3) .
Consider next the case L = U 6 (2) of order 2 15 ·3 6 ·5·7·11. It follows from Lemma 6.1 that the order of B ∩ L is divisible by 385. An inspection of the maximal subgroups of L (see [6] ) shows that there is up to isomorphism only one class of maximal subgroups of L with this property, namely M 22 with order 2 7 · 3 2 · 5 · 7 · 11. Moreover, this is also minimal with this property. Hence B ∩ L M 22 and z ∈ G \ L is of order 2 or 3 centralizing this subgroup. However L has no automorphism with this property (see [6] ).
Consider now the general case L = U 2n (q) with q = p m for some prime p. It follows from [20, Tables 1 and 3 ], that one of the maximal factors appearing in the maximal factorization G = XY , X say, has the property X ∩ L = N 1 U 2n−1 (q). There is a prime s which is primitive with respect to the pair {p, (4n − 2)m}. By Lemma 6.1 this means that s divides |B|. Since the Sylow s-subgroups of L are cyclic, it follows that X contains B. Hence G = AX, where A is a nilpotent subgroup of G. But there is also a prime r dividing q 2n − 1 which is primitive with respect to the pair {p, 2nm} and which does not divide |X ∩ B|. Hence |A| is divisible by r and we obtain a contradiction by Lemma 6.1. 2
Symplectic groups
Lemma 6.10. L is not isomorphic to PSp 2n (q).
Proof. Consider first the case L = Sp 4 (q) with q = 2 m even, where the factors are as in Table 2 of [20] . Note that L ∩ B H = Sz(q) = 2 B 2 (q), whereas the other factor is a nilpotent subgroup such that
and |Out(L)| = 2m, it follows that G cannot have the required factorization in this case.
Assume that L = PSp 6 (q) with q = 2 m , where one of the factors is H G 2 (q) as in Table 2 of [20] . Since |H | is divisible by a prime which is a primitive with respect to the pair {2, 6m}, it follows from Lemma 6.1 that B ∩ L H and the other factor A is nilpotent. It is easy to see that |A ∩ L| = q 3 (q 4 − 1) divides |A|. Moreover, the order of A is divisible by a prime s which is primitive with respect to the pair {2, 4m}. This contradicts Lemma 6.1.
Consider now the exceptional factorizations of PSp 2n (q) as in Table 3 of [20] . The group L = PSp 4 (3) was dealt with before, since it is isomorphic to U 4 (2) . If L = PSp 6 (3), then the prime divisor r = 13 of 3 3 − 1 is primitive with respect to the pair {3, 3} and divides the order of the maximal subgroup H of L which is isomorphic to L 2 (13) . Moreover, B ∩ L H in view of Lemma 6.1. But in this case 5 ∈ π(A) and the Sylow 5-subgroups of G are cyclic. By Lemma 6.2 this yields a contradiction. The other possibility for L as in Table 1 [6] shows that this is impossible. Now we may assume that L = PSp 2n (q) G Aut(L) with q = p m has a factorization as in Table 1 of [20] . Moreover, n 3 and n 5 if q = 2. In this case there is a prime r dividing q 2n − 1 which is primitive with respect to the pair {p, 2mn} and a prime s dividing q 2n−2 − 1 which is primitive with respect to the pair {p, 2(n − 1)m}. By Lemma 6.1 we may assume that r and s divide |H ∩ L| for some maximal subgroup H of G containing B. It follows from [ Proof. In view of the isomorphisms Ω 5 (q) PSp 4 (q) and Ω 2n+1 (q) Sp 2n (q) for even q we may assume that n 3 and q = p m is odd. By Lemma 6.1 the prime r dividing q 2n − 1 which is primitive with respect to the pair {p, 2mn} divides |B ∩ L|.
Suppose that L = Ω 7 (q) with q > 3. Let s be a prime which is primitive with respect to the pair {p, 4m} and B ∩ L H G 2 (q). Then s does not divide |H |. But it is obvious that the Sylow s-subgroups of G are cyclic. By Lemma 6.1 we obtain a contradiction.
If H Ω − 6 (q), let s be a prime which is primitive with respect to the pair {p, 3m}. Then we obtain a contradiction as above.
If q = 3, then 13 = r divides the order of one of the maximal factors and 5 = s divides the order of the other. By Lemma 6.1 we obtain a contradiction.
The other cases in Tables 2-3 of [20] for the group L = PΩ 2n+1 (q) can be treated by the arguments below.
Now by [20] we may assume that the prime r divides the order of the subgroup B ∩ L H , where PΩ 2n (q) is normal in H . By [20, (3.4) ], we have |G : B| = Proof. Consider first the cases listed in Table 4 of [20] . If L = Ω + 8 (2), then |L| = 2 12 · 3 5 · 5 2 · 7. Recall that Out(L) S 3 . By Lemma 5.1(iv) the group G/L is nilpotent. By Dedekind's law the maximal subgroup X of a group G containing B has a non-trivial soluble normal subgroup which contains Z(B). Using Lemma 6.1 we may suppose that 7 divides |B|. For all the cases listed in Table 4 It follows from Lemma 4.5 that there is no nilpotent subgroups in L of order 2 3 · 5. Hence |G : L| = 2 and |A ∩ X| is odd. By Lemma 4.4 the group A ∩ L is abelian with cyclic Sylow 3-and 5-subgroups. Since A is nilpotent, the subgroup A∩X is a normal in A. Therefore A∩X = 1. Let P be a parabolic subgroup of L containing A ∩ L. Since L = (L ∩ X)P by [20] it follows that L ∩ X ∩ P = S is a maximal parabolic subgroup of L ∩ X Sp 6 (2). Hence S is isomorphic to an extension of a group of order 2 6 by L 2 (7) . On the other hand, P /O 2 (P ) L 4 (2) , and this group has a self-centralizing subgroup of order 15. Considering the maximal subgroups of L and the automorphism group of type L.2 from [6] we see that there exists only one maximal subgroup of G containing A, namely 2 6 : S 8 . This group has no nilpotent subgroup of order 2 3 · 3 · 5. Note that this case is also excluded in [20, . Then the only maximal subgroup whose order is divisible by 7 and 13 in L for which a maximal factorization exists, is M Ω 7 (3). The index of this subgroup in L is t3 3 (3 4 − 1), t = 1/2. By Lemma 6.1 we may assume that B ∩ L M. Since M is a simple group containing B ∩ L, it follows that z induces an outer automorphism of L such that M z = B(M z ∩ A) has a non-trivial normal subgroup containing z. Thus z centralizes M. By [6] this is not the case. Now let q 4, r be a prime which is primitive with respect to the pair {p, 6m}, and let s be a prime which is primitive with respect to the pair {p, 3m}. It follows from Lemma 6.1 that rs divides the oder of B. Hence the only possibility for a maximal subgroup M of L containing B ∩ L is M Ω 7 (q). Since |L : L ∩ M| ≡ 0 (mod q 3 ) it follows that |A ∩ L| ≡ 0 (mod q 3 s). But this contradicts Lemma 4.5. 2 Lemma 6.14. L is not isomorphic to PΩ + 2n (q), where n 3.
Proof. Let r be a prime which is primitive with respect to the pair {p, 2(n − 1)m}, and s be a prime which is primitive with respect to the pair {p, nm}. It follows from Tables 1-4 of [20] that there is only one maximal subgroup M of L containing an element of order r yielding the required factorization of G. This can only occur when M has a normal subgroup isomorphic to the stabilizer of a one-dimensional subspace. By [20, (3.6.1) ], the index of this subgroup in G is |G : M| = tq n−1 (q n − 1) where t = (q − 1, 2) −1 . This implies that |A : A ∩ M| ≡ 0 (mod q n−2 ps). By Lemma 4.6 this is a contradiction. 2
The theorem is proved.
